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Abstract
In this note the following inequality is proved. For any nonnegative measure μ ∈ H−1(R2), x ∈ R2 and 0 < r < 1, there holds
μ
(
B(x, r)
)
 C
(
ln
1
r
)− 12 ‖μ‖H−1 (1)
where C is a positive constant. Using (1) an estimate for the vorticity maximal function similar to the estimate in Majda [A. Majda,
Remarks on weak solutions for vortex sheets with a distinguished sign, Indiana Univ. Math. J. 42 (1993) 921–939] is established
without assuming the initial vorticity having compact support. From this a more simple proof of the Delort’s celebrated theorem
[J.M. Delort, Existence de mappes de fourbillon en dimension deux, J. Amer. Math. Soc. 4 (1991) 553–586] is presented.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A 2D ideal incompressible fluid is described by the Euler equation⎧⎨
⎩
∂u
∂t
+ u · ∇u = ∇P,
∇ · u = 0,
u(x,0) = u0(x),
x ∈ R2, t ∈ (0,∞), (2)
where u = (u1(x, t), u2(x, t)) and P = P(x, t) denote the velocity vector and the pressure of fluid at the point (x, t) ∈
R2 × (0,∞).
Definition 1. u is called a weak solution to (2) on (0,∞) with initial data u0, if it satisfies the following conditions:
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(a) u ∈ L2loc(R2 × (0,∞));
(b) ∫ u(t) · ∇φ = 0 for all φ ∈ C∞0 (R2), t ∈ (0,∞);
(c) ∫∞0 ∫R2(u · ∂f∂t +∑2k,l=1 ukul ∂fk∂xl ) dx dt = − ∫R2 u0 · f (·,0)
for all f ∈ C∞0 ([0,∞) × R2) with ∇ · f = 0.
For the smooth initial velocity with finite energy it is well known that there exists a unique global solution to (2). But
for the smooth initial velocity without finite energy, the corresponding results were not presented until the last decade,
cf. Serfati [15] for C1+ , Vishik [18] for B1+2/pp1 (p < ∞) and Zhu [24] for B1∞1.
If the initial vorticity is in Lp (1 < p < ∞) or Zygmund class L lnL, many mathematicians have done much work
to obtain the global existence of the weak solution, such as [1,5,8]. More details can be found in Lions [9].
On the other hand, for the nondecaying initial vorticity L∞ or a little larger space, Yudovich [21,22], Serfati [14]
and Vishik [19,20] have obtained the uniqueness and global existence of the weak solution. Besides, in Taniuchi [16]
and Zhu [23] the global existence of the weak solution has been proved for initial vorticity in bmo and BMO.
But when we concern the existence of weak solution to (2) with vortex sheet initial data, some new phenomena
involving concentrations occur. With some simple examples Diperna and Majda pointed out that in a sequence of
approximate solutions there may be no any subsequence converging in L2Loc(R2). Therefore it is not available to use
the strong convergence to obtain the weak solution as before.
Definition 2. A 2D incompressible velocity field u0 = (u10(x, t), u20(x, t)) defines vortex sheet initial data provided
that u0 has locally kinetic energy, i.e.∫
|x|<R
u20 dx < ∞ for any R > 0 (3)
and the initial vorticity ω0 = curlu0 is a finite Random measure, i.e. ω0 ∈ M(R2).
Vortex sheet problem is of fundamental importance to applied mathematics and pure mathematics and many mathe-
maticians have investigated this problem for the last two decades. Classical linearized stability analysis of the simplest
vortex sheets reveals that the evolution of vortex sheets involves a classical Hadamard ill-posed initial value problem.
In the series of papers of Diperna and Majda [4–6] they set up a completely new approach to study the weak solutions
or measured-value solutions to the 2D incompressible Euler equations.
In [3] Delort made an important contribution by proving the global existence of weak solution to the 2D incom-
pressible Euler system for the initial vortex sheet with a nonnegative vorticity. The main steps would be presented in
the remainder of this paper. In Evans and Muller [7] and Majda [12] they gave two different proofs of Delort’s theorem.
In [17] Vecchi and Wu proved this theorem for the negative part of initial vorticity in L1 ∩H−1. In [10,11,13] they de-
veloped these ideas and got some new conclusions. But it is remain unknown now whether there exists a global weak
solution for the vortex sheet initial data. More details about the vortex sheet problem can be found in Schochet [13].
Next we review the main steps in the proof of Delort for the nonnegative initial vorticity.
At first, we construct a sequence of smooth initial velocity un0 ∈ C∞0 (R2) such that
lim
n→∞
∫
un0f =
∫
u0f, ∀f ∈ C∞0
(
R2
)
,∫
|x|<R
(
un0
)2
(x) dx < CR, ∀R > 0,
∫
ωn0  C, ωn0  0.
Then for any n ∈ N there exists a smooth solution un to the Euler system with initial velocity un0. If we can
choose a subsequence of {un} (for convenience in exposition we use the same notation) and a function u such that
limn→∞
∫∫
ununϕ = ∫∫ uiujϕ for any test function ϕ and i, j = 1,2, then u is a weak solution of the Euler system.i j
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that un1u
n
2 ⇀ u1u2, here we use “⇀” to denote convergence in the sense of distribution. We omit the details here.
The key step in the proof of Delort is to express the quantity un1u
n
2 in terms the vorticity by Biot–Savart law,∫ ∫
un1(x, t)u
n
2(x, t)ϕ(x, t) dx dt = C
∫ ∫ ∫ ∫
x1 − y1
|x − y|2
x2 − z2
|x − z|2 ϕ(x, t)ω
n(y, t)ωn(z, t) dy dz dx dt
= C
∫ ∫ ∫ (∫
x1 − y1
|x − y|2
x2 − z2
|x − z|2 ϕ(x, t) dx
)
ωn(y, t)ωn(z, t) dy dz dt
= C
∫ ∫ ∫
hϕ(y, z, t)ω
n(y, t)ωn(z, t) dy dz dt, (4)
then Delort obtained the key lemma in his proof.
Lemma 3. If f ∈ C∞0 (R2), then hf (y, z) =
∫ x1−y1
|x−y|2
x2−z2
|x−z|2 f (x)dx is bounded, vanishes at infinity, and is continuous
on the complement of the diagonal of R2 × R2. Precisely,
hf (y, z) = (y1 − z1)(y2 − z2)8π |y − z|2
(
f (y) + f (z))+ r(y, z) (5)
where r(y, z) is a bounded continuous function tending to zero at infinity.
By virtue of this lemma it is not difficult to see that to prove un1u
n
2 ⇀ u1u2 it suffices to show that for any x ∈
R2, T > 0
lim
r→0 lim supn→∞
sup
0<t<T
∫
B(x,r)
∣∣ωn(y, t)∣∣dy = 0. (6)
In fact (6) is too strict and in [13] Schochet gave a wider sufficient condition, but for the nonnegative data (6) is true.
At last Delort presented an elegant abstract proof of a variant of (6) for the nonnegative initial vorticity.
In [12] Majda gave a stronger quantitative proof of (6). He proved that
Lemma 4. (See [12, p. 932].) Assume that ω is a smooth nonnegative vorticity function and
M(ω) =
∫
R2
ω(x)dx < M,
∣∣H(ω)∣∣= ∣∣∣∣
∫
R2
∫
R2
ln|x − y|ω(x)ω(y)dx dy
∣∣∣∣< H,
L(ω) =
∫
R2
|x|2ω(x)dx < L,
then the vorticity maximal function satisfies the decay rate
max
y∈R2
∫
|x−y|<R
ω(x)dx < (H + 2LM) 12
(
ln
1
2R
)− 12
, for R < 1
2
. (7)
Furthermore he proved that these three functions were conserved for Euler system and could be controlled by the
initial data for Navier–Stokes system, then he obtained the relation (6). It is noted that in his proof he need assume
that the initial vorticity has a compact support since |H(ω0)| and L(ω0) depend on the support of ω0.
In this paper we give a similar estimate to (7) for nonnegative initial vorticity, but we need not assume that the
initial vorticity has a compact support. Our lemma is strongly motivated by the work of Majda.
Our key lemma is stated below.
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C such that for any x ∈ R2, 0 < r < 1
μ
(
B(x, r)
)
C
(
ln
1
r
)− 12 ‖μ‖H−1 . (8)
In the next section we shall give the proof of this lemma and show how to obtain the global existence of weak
solution using this lemma.
2. Proof of Lemma 5 and Delort’s theorem
At first, we give the proof of Lemma 5. Obviously we only need check the case for 0 < r < 19 .
Take a function ϕr ∈ C∞0 ((r,2
√
r)) such that
0 ϕr  1; ϕr(t) = 1 (2r < t <
√
r).
Set
c−1r =
∞∫
0
ϕr(t)
t ln 1
t
dt.
It is easy to check that there exists a constant 0 < c < 1 such that c < cr < c−1 for any 0 < r < 19 .
Take
fr(u) = 1 −
u∫
0
crϕr(t)
t ln 1
t
dt and fr,x(y) = fr
(|x − y|),
then ‖fr,x‖22  Cr and ‖∇fr,x(.)‖22  C(ln 1r )−1. So ‖fr,x‖H 1 = ‖fr,x‖2 + ‖∇fr,x(.)‖2 C(ln 1r )−
1
2
.
Now we can conclude that
μ
(
B(x, r)
)

∫
fr,x(y) dμ(y) ‖fr,x‖H 1‖μ‖H−1  C
(
ln
1
r
)− 12 ‖μ‖H−1 .
To complete the proof of Delort’s theorem now it suffices to prove that∥∥ωn(t)∥∥
H−1  CT < ∞, 0 < t < T, ∀T ∈ (0,∞). (9)
In the Delort’s proof the inequality (9) is also necessary. For convenience we give a simple proof of (9) here. Before
stating the main theorem we need some notations used in Chemin [2].
Definition 6. We call a stationary vector, denoted by σ , every vector field of the form
σ =
(
−x2
r2
r∫
0
sg(s) ds,
x1
r2
r∫
0
sg(s) ds
)
where g ∈ C∞0 (R \ {0}).
It is easy to see that every stationary vector field σ is an infinitely differentiable solution of Euler system whose
vorticity is g(|x|).
Definition 7. Let m be a real number. We denote by Em the set of divergence free vector fields u such that there exists
a stationary vector field σ such that∫
ω(σ) = m, and u − σ ∈ L2.
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Remark 2. By virtue of Lemma 1.3.1 in [2, p. 12], if the initial vorticity ω0 ∈ H−1 and has a compact support, then
u0 ∈ Em for some m.
Now we prove the following theorem.
Theorem 8 (Delort, 1991). If u0 ∈ Em and ω0 = curlu0  0, then there exists a weak solution to the 2D Euler system
with initial velocity u0.
Let ρ be a function of class C∞0 (R2), nonnegative and of integral 1. Set ρn(x) = n2ρ(nx) and un0 = ρn ∗ u0. Then
we can obtain a smooth solution un of (2) with initial velocity un0 .
By the above argument, to complete the proof of this theorem, we only need to check (9). The computation is easy
and can be found in [2]. We give the main steps here.
As (un − σ)t = ∇P − un · ∇un and un is divergence free, we have∣∣∣∣ ddt
∫ ∣∣un − σ ∣∣2 dx∣∣∣∣= 2
∣∣∣∣
∫ (
un − σ ) · ∇P dx − ∫ (un − σ ) · (un · ∇un)dx∣∣∣∣
 2
∫ ∣∣un − σ ∣∣2‖∇σ‖∞ dx. (10)
By the Grönwall inequality we can obtain the following inequality∥∥un − σ∥∥2  ∥∥un0 − σ∥∥2et‖∇σ‖∞ . (11)
Now we can get that∥∥ωn∥∥
H−1  Cσ +
∥∥un − σ∥∥2  Cσ + ∥∥un0 − σ∥∥2etCσ . (12)
Putting everything together we complete the proof of Delort’s theorem.
Remark. Let un be the solution of 2D N–S system with viscosity νn and initial velocity un0 and furthermore
limn→∞ νn = 0, it is not difficult to see that un ∈ Em and following the same argument we can choose a subsequence
which weak converge to a function that is the weak solution of the 2D Euler system with initial velocity u0.
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